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M any methodologies have been proposed to build reliable and computationally fast coarse-grained 
potentials. Typically, these force fields rely on the assumption that the relevant properties of the 
system under examination can be reproduced using a pairwise decomposition of the effective 
coarse-grained forces. In this w ork it is shown that an extension of the multiscale coarse-graining 
technique can be employed to parameterize a certain class of two-body and three-body force fields 
from atomistic configurations. T h e  use of explicit three-body potentials greatly improves the results 
over the more com m only used tw o-body approximation. Th e  method proposed here is applied to 
develop accurate one-site coarse-grained water models. ©  2 0 1 0  A m er ica n  Institute o f  Physics .  
[d o i: 10.1063/1.3394863]
I. INTRODUCTION
Coarse-grained (C G )  models are becoming essential in­
struments for both theoretical and computational molecular 
science (see, e.g., Ref. 1 ).1'2 Theoretical models in general 
have contributed many new insights, for example, in 
polym er3”5 and liquid crystal physics.6 Com putationally in­
expensive C G  models can similarly describe phenomena
7  8
such as protein structure, signal transduction,1 and virus 
capsids,9 which otherwise w ould be beyond the reach of 
standard molecular dynamics (M D ) techniques, 1CM‘ which 
employ conventional all-atom force fields. M any methodolo­
gies have been developed to build C G  force fields such as the 
Boltzm ann inversion,13' 14 iterative Boltzm ann inversion,15 
reverse (o r inverse) Monte Carlo ( R M C ) ,16' 17 and multiscale 
coarse-graining ( M S -C G ) l8~“  methods. Until now, these 
models have been used to construct pairwise additive poten­
tials, without considering explicit multibody interactions be­
tween the C G  sites. Methods such as Boltzmann inversion 
can, in principle, be used for constructing multibody interac­
tions starting from multibody distribution functions. H o w ­
ever, such methods assume that each distribution can be fit­
ted independently from the others. Generally, this 
assumption cannot be considered valid for every system. 
R M C  in principle can take into account correlations among 
different distributions.16 How ever, due to the prohibitive 
computational cost that comes with introducing three-body 
potentials into R M C ,16 no such R M C  application has been 
reported. In the present paper, an extension of the M S -C G  
methodology w ill be proposed, which can effectively and 
efficiently develop three-body C G  potentials. Th e  resulting 
models are compared to models obtained using the standard
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two-body M S -C G  method without three-body potentials, in 
order to clearly identify the benefit of such potentials. T o  the 
authors’ best knowledge, this w ork represents the first time 
that a three-body C G  potential has been systematically de­
rived from the underlying atomistic interactions.
Th e  M S -C G  methodology was initially proposed by Iz ­
vekov and V oth.18' 19 Th e  idea behind the M S -C G  method is 
that the effective C G  forces between different sites originate 
from a statistical averaging of their atomistic interactions. 
Fo r this reason, it is expected that certain properties of a 
successful C G  model can compare nearly exactly with the 
underlying atomistic system. O bviously, as a change of res­
olution is involved in the coarse-graining process, some sort 
of average over the irrelevant degrees of freedom is required. 
In the original formulation of M S -C G , only pairwise additive 
potentials were employed and cubic splines were used to 
accurately fit the effective C G  forces obtained from averag­
ing over atomistic resolution M D  data. A  complete theoreti­
cal foundation for the M S -C G  technique was then reported 
20—22by N o id  et a l “  In the latter work, it is shown that the 
degrees of freedom that are not to be included in a C G  model 
can be properly averaged over via a variational algorithm. In 
particular, it was shown how  a simple pairwise additive as­
sumption for the C G  effective force field is able to account
for some higher order correlations that are usually present in
20the original atomistic system.‘ How ever, due to numerical 
difficulties, the explicit development of three-body effective 
C G  potentials, which might lead to a more accurate descrip­
tion of multisite correlations, has to date not been attempted.
T h e  idea of matching force at the atomistic level was
23first proposed by Ercolessi and Adam s‘ ' in the form of a 
force-matching (F M ) methodology. In that case, the force 
acting on each atom was derived from ab initio quantum 
calculations that were used to parameterize a classical force 
field. Th is  F M  methodology was later reformulated and 
made applicable to liquid and soft condensed matter by the
© 2010 American Institute of Physics132, 164107-1
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use of a linear basis set, which made the problem num eri­
cally tractable for such problems.^4" 5 B y  contrast, the 
M S -C G  approach was first developed18,19 to systematically 
reduce the number of degrees of freedom within a given 
system (i.e., to coarse grain it), whereas no change in the 
number of degrees of freedom is involved in the methodol­
ogy employed by Ercolessi and Adam s. A lso  (and im por­
tantly) in Refs. 20 and 21, a theoretical statistical mechanical 
basis has been given for the M S -C G  method that clearly 
demonstrates its differences from the original F M  procedure 
by Ercolessi and A dam s.3 Thus, the M S -C G  method is sig­
nificantly different the F M  approach given by Ercolessi and 
A d a m s/' despite persistent confusion in some of the coarse - 
graining literature that continues to refer to the M S -C G  ap­
proach as F M . M S -C G  should, in fact, be more accurately 
considered to be a kind of statistical mechanical “force 
renormalization.”
In context of effective condensed phase interactions, the 
importance of three-body intermolecular potentials for de­
scribing the properties of materials has been extensively re­
ported in the condensed matter physics literature. Th e ir ef­
fects appear even at an atomistic level, where three-body 
interactions are essential, e.g., for representing the structure 
of covalently bonded atoms,i6~3i as well as for accurately 
reproducing the equation of state of noble gases such as 4He 
(Ref. 33) and argon.34 A t  larger scales, three-body interac­
tions appear to play an important role in defining the packing 
35 36 3*7properties of nanocrystals^' and proteins/1 Even dynam i­
cal properties such as the rate of folding in proteins may be
38affected by the presence of three-body interactions/ Th e  use 
of three-body potentials to correctly model bonded interac­
tions is widely established. O n  the other hand, the use of 
three-body potentials to describe nonbonded interaction is 
usually avoided, m ainly for two reasons. Th e  first reason is 
due to the fact that they can be computationally expensive. 
Another reason is that they require the parameterization of 
multiple parameters. How ever, as w ill be shown in the 
present work, three-body potentials are suitable for accu­
rately modeling effective short range nonbonded interactions 
in C G  models. In this case, the fact that they are more com ­
putationally expensive than the two-body terms is compen­
sated for by the short range of the three-body effective inter­
action and by the reduction of degrees of freedom in the C G  
system, making their implementation competitive with tradi­
tional all atom force fields.
In the present work, a new algorithm is therefore pro­
posed to systematically build M S -C G  force fields having ex­
plicit three-body C G  potentials. In turn, the new method is 
used to study the relevant properties of the Single Point 
Charge/Extended (S P C /E) water39 model. Th e  relevance of 
three-body interactions for reproducing water properties at
the C G  level has been convincingly demonstrated by M o lin -
31ero and M oore/ In their work, the functional form used for 
the C G  water force field was chosen to be the Stillinger— 
Weber (S W ) potential,32 originally developed for silicon. 
However, over the years, this potential has shown its flex­
ibility in successfully reproducing the properties of other 
systems.i6~3i Inspired by this body of w ork, a combination of
this model with the M S -C G  approach w ill be developed here 
in order to improve upon the M S -C G  force field.
Th e  remainder of this paper is structured as follows. Sec­
tion I I  is devoted to a detailed description of the new algo­
rithm. In Sec. I l l  the new method is employed to build 
M S -C G  model for SPC/E water.39 A  comparison with a sim­
pler pairwise M S -C G  approximation is also provided in the 




Th e  basic idea of the M S -C G  method is as follows. “  
Th e  original atomistic system is first mapped to a reduced 
system having a less complicated structure. Sets of atoms on 
the same molecule are grouped together to define coarse 
grained sites. A  set of basis functions for the C G  force func­
tion is constructed, and the C G  force function is represented 
as a linear combination of the basis functions. Th e  coeffi­
cients of the basis functions are obtained from a variational
principle that uses atomistic simulation data. A  detailed de-
-?0_
scription of both the theoretical background' “  and the ac­
tual numerical implementation40 of the method can be found
18-?0elsewhere. Th e  previous implementations of the method 
for constructing nonbonded C G  interactions use basis func­
tions that describe only pairwise additive forces between the 
C G  sites. In the present work, an algorithm is proposed to 
extend the M S -C G  methodology to develop three-body C G  
force fields.
B. Limitations of the two-body approximation in CG 
modeling
Th e  coarse graining of dense systems of interacting par­
ticles involves dealing with a complicated multibody poten­
tial of mean force. From  a practical point of view, directly 
computing and utilizing such multibody force fields is not 
possible, so approximations must be introduced. Usually 
such approximations involve the modeling of pairwise inter­
actions of such a complicated mean force field, under the 
im plicit assumption that higher order components, such as 
three-body terms, can be neglected. However, when dealing 
with complex molecular structures, this approximation may 
not be valid. Properties such as hydrophobicity are intrinsi­
cally due to multibody interactions,41 requiring a more de­
tailed approach to the problem which involves going beyond 
traditional approximations.
Another very common approximation that is used when 
modeling tw o-body potentials is the spherical approximation, 
where the interaction between two centers depends only on 
their distance, but not on their mutual orientation. Although, 
in principle, there is no need for such an approximation, it is 
of great practical utility. How ever, this approximation cannot 
be suitable for every system. In C G  modeling, where part of 
complex molecules are usually coarse grained into a single 
interaction site, the loss of information regarding their m u­
tual angular orientation can lead to problematic behavior. A n  
example of this can be found in liquid crystals,6 where their 
most basic properties cannot be reproduced without taking 
into account their angular anisotropy.
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A s explained above, building “rigorous” (as opposed to 
a d  hoc)  C G  models requires the construction of an approxi­
mate multibody potential of mean force for the C G  variables. 
Th e  underlying concept is that only the most essential prop­
erties of the system under examination w ill be retained in the 
C G  representation. Fo r these reasons, a set of quantities that 
are considered most relevant for the system of interest should 
be selected and well reproduced in the corresponding C G  
representation. A  quantity that is com m only chosen is the 
radial distribution function (R D F ) of key C G  variables in the 
system. Th is  function has proven to be of central importance 
in the theory of liquids,42 and methods such as R M C  specifi­
cally target this quantity.16'17 T h e  R M C  approximation com ­
m only assumes that tw o-body C G  effective potentials are 
sufficient to construct C G  models that correctly reproduce 
the R D F .43 O n  the other hand, for the M S -C G  method the 
target quantity is the multidimensional potential of mean 
force itself for the C G  variables. In the original M S -C G  
methodology, the true multidimensional potential of mean 
force is approximated by only two-body nonbonded contri­
butions to represent the effective C G  force field. Indeed, ef­
fective C G  force fields generated using different methodolo­
gies w ill lead to different results for the R D F , as the 
approximations involved can be very different. Fo r example, 
R D F s  from the M S -C G  method are not likely to be as accu­
rately reproduced as they are in R M C  since the latter method 
is designed to reproduce the R D F .43 A s  a result, the R D F s  
from the M S -C G  approach are a suitable choice for assessing 
the quality of an approximate M S -C G  force field, while the 
R M C  method w ill produce an accurate R D F  but it w ill not 
likely reproduce other quantities well such as three-body cor­
relations in the C G  variables, and therefore R M C  requires an 
additional strategy for validation beyond a simple compari­
son to the correct R D F . For the reasons described above, a 
generalization of the M S -C G  approach to include three-body 
potentials is proposed here.
C. Generalization to three-body CG potentials
Three-body potentials depend on the coordinates of three 
interacting sites and it can be written in a general form as 
U{9jjk , r j j , r jk), where / is the index for the central site and./ 
and k  are the other two sites. Fo r the purpose of this paper, 
we assume that this potential can be expanded as
U(0jik, n j , r ik) = 2  (1 )
V
where, for the i>th basis function, c iv) is its coefficient, 
A iv){0jik) denotes an angular dependent term, and 5 (,,)(fy ) and 
S iv){rik) are two distance dependent terms.
In the follow ing, some approximations to the original 
expansion in Eq . (1 ) are employed in order to make the 
method of practical applicability. Th e  original function w ill 
be approximation by only one term of the expansion, such 
that
U(0jik,r ij , r ik) ™ A ( 0 j ik)S(rij ) S ( r ik). (2)
- T ^ (  
dr,
= -  5 ( r ^ S ( r tt) A ^ f y * )  -  A ( 0 jik)S (r ik)(S,j -  Sn) 
d r{
X  S ir h ) - A ( 0 jik)S(rij)(S,k -  SH)
Fij ij
Ta d
X — — 5(o*), (3)
t'ik c, r ik
where I e {/ ,/ ,& }, a  indicates one of the .v, v, and z  com po­
nents, and <5 is the Kronecker delta function. Th e  goal of the 
three-body M S -C G  algorithm is to construct a set of basis 
functions for the three-body potential and m inim ize the re­
sidual in the M S -C G  variational principle.
Another approximation introduced is that the three-body 
potential w ill act only on a very short range, roughly the first 
solvation shell. A s  computing nonbonded three-body poten­
tials is extremely expensive, this assumption is of practical 
relevance.
In the rest of the paper, the three-body potential w ill be 
used as a correction to the spherical approximation intro­
duced by the use of tw o-body potentials alone. Thus, it is 
assumed that the major correction to a simple pairwise ap­
proximation w ill come to an accurate fitting of the angular 
term A { 0 jik). Th e  functions 5 (/y) and S{rik) w ill be used to 
guarantee that its effect wears off gently after the cutoff.
Furthermore, from a more technical point of view, in the 
original M S -C G  formulation involving only pairwise poten­
tials, all the functional forms involved were fitted with spline 
functions. However, if spline functions are used for both an­
gular and distance dependent terms in the three-body term, 
the M S -C G  least-squares problem becomes a nonlinear  
equation. Therefore, to take advantage of linear least square 
methods, approximations must be implemented, such as 
specifying a portion of the three-body potential before the 
application of the M S -C G  procedure.
For these reasons, for the three-body part of the potential 
the widely used S W  (Ref. 32) potential is chosen with the 
form
U (0jik, r ij , r ik) = Xjikejik( cos 0jik-  cos 0()f
rnZnXexp
'YikP'ik 1 / A \ 
exp -------------------- , (4 )
r  ik ~~ a ika ik >
Fo r the specific case of one component system such as water, 
it can be simplified as
U t f j i k W i k ) =  M c o s  0jik
„ ( ?<* \ ( 7°- \-  cos 0or e x p l -------------- |exP
In order to obtain the force, the derivative of the potential is 
calculated as44
, rik -  acr)
(5 )
where X and s are the interaction potential strength and unit, 
cr is the length unit, and 0() is the reference angle, a  repre­
sents the three-body cutoff and y  is a damping factor that 
controls how the potential goes to zero at the cutoff a.  Th e  
S W  potentials has been applied to describe three-body inter-
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actions in a number of condensed matter systems in the 
literature26-32 and implemented in the LA M M PS M D  
package.45 Th e  current implementation of the three-body 
M S -C G  algorithm is to force match the angular dependent 
part ^ j jkS j jk(cos 6pk-c o s  80)2 and use predetermined param­
eters for the distance dependent terms. It must be pointed out 
that the M S -C G  procedure adopted to fit the angular term 
makes no assumptions about its functional form , but it is 
completely general. H ow ever, com m only available M D  
packages provide only fixed forms for the three-body poten­
tial. Fo r this reason, the procedure proposed in this paper 
w ill focus on how  to obtain the required parameters from a 
more general fit involving spline functions for the angular 
part. Presently, the value of the cutoff a  is defined by a trial 
and error procedure and is usually chosen to include the clos­
est neighbor sites. Th e  distance scale a  is chosen to be unity 
for simplicity. Th e  effect of y  is to tune how  the potential 
goes to zero as the cutoff distance is approached from below. 
In the present work, a value of 1.2 is chosen for y.  Other y  
values were also tested and almost identical results were ob­
tained based on y  varying from 0.6 to 2.4.
Th e  angular dependent term w ill be expressed as a linear 
combination of spline functions for the variable 8pk to per­
form the M S -C G  calculation. In order to calculate the deriva­
tives in Eq. (3 ), an analytical expression for the derivatives 
must be obtained for certain basis function. Such derivatives 
need to be continuous. Th is  can be easily achieved using 
B-splines46 because the derivatives of B-spline functions are 
analytically defined.47
Th e  procedure for fitting involves two steps. In the first 
step, a M S -C G  calculation is performed using the following 
basis set:
U- ■ 2  2  + 2 2 2  ^ ikf 3b,(ejik)
j> i
X exp
i j ^ i  k>j
ViP,j 'j exp
yikVik 
fik  -  O ikVik)
(6)
where f 2b,( r is the tw o-body part of the potential and 
f  is the angular part of the three-body potential. For
the first step of the fitting procedure, a spline functional form 
has been chosen for both / 2fc,(/'!;) and f ih)(8jik)- Splines 
were used to represent f 3h)(ffj<k) in order to estimate the 
equilibrium position 6f) in Eq . (5 ). A t  this point, it is im por­
tant to note that there is no reason not to directly use the 
spline functional form for f  ih)(0jjk) just obtained, except for 
practical reasons. In the authors' knowledge, no currently 
available code can manage spline functions to compute the 
three-body part of nonbonded interactions. F o r these reasons, 
a second step is require to correctly fit the available basis set.
A  direct fitting to the spline functional form of f  ih) 
X ( Bjjk) with an analytic function, such as (cos 6jjk-c o s  0f})2 
introduces non-negligible errors. It is found that the tw o- 
body potentials are very sensitive to the corresponding three- 
body potentials in C G  simulations. Th is  means that even for 
a slight change in the three-body parameters, the two-body 
parameters need to be modified substantially. Th is  is particu­
larly problematic for the case of using the S W  potential in 
Eqs. (4 ) and (5 ). F o r this reason, a second fitting of the
global basis set is required, namely a new M S -C G  calcula­
tion is performed using the follow ing basis set:
^ = 2 2  fw Xn j) + 2 2 2  V'S/»(cos dpi; - cos e0)2 
i j>i i j=fr-i k>j
X exp JiP i exp (7)
-nk-«<k<T<k/
where the S W  potential is explicitly used and /^2fc,( r !;) is a 
spline functional form that in general differs from the f  2b) 
X ( r !;) employed in Eq. (6 ). Th e  first step is required in order 
to evaluate the equilibrium angle df), that in kept fixed during 
the second step of the M S -C G  calculation, Eq . (7 ).
Fo r the water system, the spline result for f  ih)(0jjk) gives 
a value for 6f) close to 109°, which is consistent with the 
tetrahedral structure of water. A s a matter of fact, the agree­
ment is very good for T IP 3 P  (Ref. 48) water, whereas for the 
SPC/E model the best value is around 116°.
Th e  procedure just outlined can be extended to fit more 
general functional forms such as
U (d jik, r ipr ik)
■ X„7,4(%)cxpl 'J iJ exp yuPik 
ik~«ikVikl
(8)
Different choices for the distance dependant part of the po­
tential can also be used, making the method here presented 
useful for the fitting of a broad range of functional forms. In 
particular, a direct use of the initial f  ih)(6 ^ k) obtained using 
a spline functional form in Eq. (6 ) w ould require only the 
first step.
D. Ensemble averages
Ensemble averages are computed using the formula' 






where p  are the momenta, r  are the coordinates, n  is the 
number of particles in the system, and UAA is the all-atom 
force field. A n  analogous formula can be written in the case 
of the C G  system
!d P NdRNA(RN) e ^ G^ j;N)
<A)cg= -----:— r --- -A, -A,----- , (10)
JdPNdRNe ^ G^ ^ >
where P , R ,  and N  have the similar meaning as in the all­
atom case, but refer to the C G  system, and UCG is the C G  
potential. In general, Eqs. (9 ) and (10) give different values 
even if computed for the same system. In fact, when a sys­
tem is C G , some degrees of freedom are removed from the 
atomistic system and averaged out. Th is  can be understood 
using as an example case of water studied here. Atom isti- 
cally, the water molecule has two bonds and one angle. I f  the 
water molecule is C G  to a one-site particle, then the bonds 
and the angle are no longer present. Th is  has an effect on the 
value of A  in the C G  representation (e.g., the virial part of 
the pressure and energy). It must be pointed out that correc­
tions to Eq . (10) that take into account the contribution of the 
removed degrees of freedom can in principle be computed.
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A n  example of this is given in the companion paper in the 
case of pressure.50
Thus, once the atomistic trajectory is know n, the contri­
bution of the missing degrees of freedom can be evaluated. 
How ever, practically this procedure is not straight­
forward.51'52
F o r this reason, we adopt a “ reverse” approach to the 
problem. I f  the C G  simulation and the all-atom simulation 
are correctly sampling the same ensemble, both o f them will 
produce the same ensemble distribution o f the C G  coordi­
nates { R n}. In this way, it is possible to use the ensemble of 
coordinate produced from an all-atom simulation and use it 
in Eq . (10), where the C G  Hamiltonian is used. Since we are 
only concerned with quantities that are functions o f the co­
ordinate positions, we concentrate on the averages generated 
from the configurational distribution function only.
F o r this reason, a mapping operator M  between the all-
0\ 00
atom and C G  representations is defined as“ ■“
R = M ( r ) ,  (1 1 )
where r  are from the atomistic simulation. In this way, the 
quantity (A )  can be computed using Eq . (10) even for atom­
istic data. Thus, a way ensemble averages can be compared 
between all-atom and C G  systems is through Eq. (10). For 
C G  simulations, Eq . (10) is used directly, whereas for atom­
istic simulations the mapping operator Eq . (11) is applied 
first. Note that in this way, for a given quantity A ( R N) and a 
given atomistic ensemble { R N}, its average value (A )  depends 
on the specific choice of the C G  Hamiltonian H (R N, P N). A  
direct com parison  with the a tom is tic  average co m pu ted  us­
ing  Eq . (9 ) will usually  lead to a  dif ferent result , as explained 
previously.
E. Atomistic simulations
As a test case, a cubic box o f 1000 rigid SPC/E (Ref. 39) 
water molecules was chosen. Th e  box edge is 31 A long. The  
temperature T  was kept constant at 298 K  em ploying a 
N o s e -H o o ve r thermostat53-55 with a time constant o f 0.5 ps. 
Th e  equations of motion were integrated according to the 
leap-frog10-12 algorithm, with a time step o f 2 fs. Electro­
static interactions were computed using the particle mesh 
Ew ald  (P M E ) (Ref. 56) method, with a real-space cutoff of 1 
nm . Th e  same cutoff was also employed for the van der 
Waals interactions. Constraints were employed through the 
SiiTTU; algorithm.57 Configurations were sampled every 1 ps. 
A  simulation of length 2 ns was performed using the M D  
package GROMACS.58'59 Fo r calculating the P p  diagram, dif­
ferent volumes were used. F ive  different box sizes were em ­
ployed with edges 31.01, 31.02, 31.03, 31.04, and 31.05 A 
long corresponding to a drop in pressure of ~ 5  bar.
F. CG representation
Th e  C G  scheme that will be adopted in the present work 
consists in mapping the atomistic three-site SPC/E water 
model into a single C G  interaction site. Th e  C G  water model 
does not make any use of electrostatic forces, but employs 
only short range forces. F o r comparison, two possible force
0.2  0 .4  0 .6  0.8  1
r (nm)
RG. I. Interaction forces between CG water sites with (red) and without 
(black) three-body potential. Only the results for the COM representation 
are shown.
fields w ill be presented. In one of them, the C G  sites interact 
only through nonbonded two-body potentials. Th e  second 
model w ill employ both a two-body and a three-body poten­
tial as w ill be explained later in this section.
A n  important feature of the M S -C G  method is that a
linear mapping operator is used to transform from the all-
01 00
atom to C G  resolution.“ '“  In the present work, two possible 
mapping schemes will be employed that map the atomistic 
water to a single interacting site. In one o f them, each water 
molecule is mapped to a single C G  site located at its center 
o f mass (C O M  representation). Another mapping used in the 
follow ing calculation is the center of geometry (C O G  repre­
sentation). Th e  force field employs tabulated potentials for 
two-body interactions and a S W  potential for the three-body 
part of the potential.
Th e  two-body part o f the interaction forces for the C O M  
representation is shown in F ig . 1, and the M S -C G  result with 
only two-body basis set is shown in the same plot for com ­
parison. It is seen in F ig . 1 that contributions from the tw o- 
body forces change dramatically on adding the three-body 
basis sets to the total potential. Th is  means that the tw o- and 
three-body contributions to the total interaction have a strong 
interdependence, and C G  approaches targeted at individual, 
i.e., either solely tw o- or three-body distribution functions, 
are in principle not suitable to parameterize the C G  potential 
in this case. H ow ever, the M S -C G  approach applies a global 
optimization strategy and thus is able to deal with this issue 
by fitting to the total interaction rather than individual tw o- 
or three-body contributions. It is also seen from F ig . 1 that 
the tw o-body force curve decays to zero at a shorter distance 
compared to that from the M S -C G  results without three-body 
potential. Because o f the fast decay, a short tw o-body cutoff 
may be possible for the C G  system. Th e  cutoff used for the 
two-body potential is 6 A.
F o r the three-body potential, a cutoff of a,-;-=3 .7  A is 
used for the C O M  representation, whereas a, — 3.9 A was 
found more suitable for the C O G  model; while <xi ;  =  £ ;YA. =  1 
and j i j=  1.2 for both models. F o r the C O M  representation, 
cos 0o= -O .4 4  and X ;7A.=  13.135140; whereas for the C O G  
representation cos 0o= -O .4 3  and X;rt= 6 .132591. Th e  param­
eters were evaluated follow ing the discussion in the previous 
section. A ll o f the C G  simulations were performed using the 
M D  package lam m p s .45
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R G . 2. RDF  for the one-site CG  model for SPC/i; water centered in the 
center of mass o f the interacting particle. The use of an explicit three-body 
CG  potential is seen to improve the first shell o f solvation greatly.
III. RESULTS AND DISCUSSIONS
A. RDF
Th e  R D F  in C G  coordinates g(R )  is defined as10
(12)
where V  is the volume and is the distance between beads 
/ and j .  Th is  function is at the heart of the theory of simple 
fluids.4  ^ For this reason, its accurate representation by the 
C G  model should be regarded to be of importance. It can 
also be shown60-6i that if pairwise correlations of the system 
suffice to capture its essential physics, then there is a unique 
potential (to within a constant) that can reproduce it. H o w ­
ever, if higher order correlations are relevant in calculating 
the properties of the system of interest, a simple two-body 
approximation for the potential may not capture the essential 
physics of the system.''’1 In Figs. 2 and 3 a comparison be­
tween different C G  schemes is given. In this comparison, the 
atomistic R D F  is reported in C G  resolution, i.e., it represents 
either the distribution of the C O M  of the water molecules, or 
the C O G . For each C G  scheme, two cases are compared, 
where only pairwise (i.e., tw o-body) C G  interactions are 
taken into account during the parameterization, or where 
both tw o-body and three-body C G  interactions are accounted 
for. As can be readily seen, the introduction of three-body
M G. 4. The ADI-' for SPC/i; water computed inside the cutoff o f the three- 
body CG  potential for the case with the center o f mass CG  representation. 
The three-body potential is seen to closely reproduce the atomistic 
distribution.
interactions clearly improves the behavior of the R D F  for 
both C G  representations. Th e  first peak of the R D F  is now 
very accurately reproduced, and also the long range structure 
is reproduced very closely. There is a slight all-atom /CG 
difference around the second peak, which may be due to the 
approximations introduced into the three-body C G  potential, 
as described in the methodology section. It should be noted 
that the three-body potential acts only at very short range, 
but it is essential for capturing the accurate local structure.31
B. Angular distribution function
A s mentioned in the previous section, the R D F  is useful 
to test the quality of the representation of the effective tw o- 
body interactions between C G  particles. However, due to the 
fact that three-body interactions are also explicitly taken into 
account in this work, an appropriate three-body correlation




T o  do so, it is defined
(13)
M G. 3. RDF  for the one-site CG  model for SPC/i; water centered in the 
center of geometry of the interacting particle.
where 0  is the angle between a triplet of C G  sites. Here, P (0 )  
denotes the probability distribution of having the angle 0, 
and W  is a normalization factor. Th e  sum is over all the 
triplet /, j ,  k, such that the distances between the Jth or fcth 
particle and the particle / are less than 3.7 A (i.e., the cutoff 
of the three-body C G  potential) or 3.9 A, for the C O M  and 
C O G  representations, respectively. Roughly, this means that 
the computation is performed inside the first shell around C G  
particle /. It is clear from Figs. 4 and 5 that the explicit use of 
a three-body potential is able to capture more accurately the 
exact local three-body structure of SPC/E water. A  com pari­
son with the result from the simpler pairwise C G  approxima­
tion reveals that the three-body C G  potential creates a better 
angular distribution around the central C G  particle, im prov­
ing the packing at short range of the interacting particles. 
Indeed, a tw o-body C G  potential cannot capture the typical 
angular anisotropy of water, so that the local structure of 
water appears to be too uniform . Th e  packing properties of 
the all-atom system are therefore poorly reproduced in the 
tw o-body C G  potential case.
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9 / radians
FIG. 5. The ADF for SPC/E water computed inside the cutoff of the three- 
body CG potential when the center of geometry CG representation is used.
A s  a n  a p p ro x im a tio n  o f  E q s . (1) a n d  (2) im p lie s  th a t th e  
th re e -b o d y  in te ra c t io n  c a n  b e  s e p a ra te d  in to  d is ta n c e  an d  a n ­
g u la r  d e p e n d e n t  te rm s , th ro u g h  th e  S W  p o te n tia l  fu n c tio n a l 
fo rm  u se d  in  th is  w o rk . T h is  s e p a ra tio n  c an  e v e n tu a lly  lead  
to  a  lo ss  o f  c ro s s  c o rre la t io n  b e tw e e n  d is ta n c e  a n d  a n g u la r  
d e p e n d e n t  c o n tr ib u tio n s . F o r  th is  re a so n , in  o rd e r  to  v a lid a te  
th e  a p p ro x im a tio n  in  E q . (2 ), th e  c ro s s  c o rre la t io n s  b e tw e e n  
d is ta n c e  an d  a n g u la r  d is tr ib u tio n s  a re  c a lc u la te d  in  a d d itio n  
to  th e  a n g u la r  d is tr ib u tio n  fu n c tio n  (A D F ), a n d  th e  re su lts  fo r  
a ll-a to m  a n d  C G  c o n f ig u ra tio n s  a re  c o m p a re d  in  F ig . 6. F ro m  
F ig . 6, th e  a to m is tic  r e s u l t  o f  th e  tw o -d im e n s io n a l  p ro b a b il-
0.24 0.28 0.32 0.36 
r (nm)
FIG. 6. Probability distributions as a function of two-body distance and 
three-body angle for each k} triplet, calculated from: (a) All-atom con­
figurations; (b) CG configurations from CG simulation w'ith both tw>o and 
three-body CG potentials. The angle 0 is Oat and the distance r is one of the 
The probability P is calculated for the area ArAft with Ar 
= 0.001 nm and &d= 1.0°. Only the results for the COM representation are 
show'n.
U / Kcal mol 1
FIG. 7. A comparison of the internal energy betw'een the atomistic and CG 
systems for SPC/E w'ater. Details of how' the comparison w>as performed can 
be found in Sec. II. The center of mass case is shown. An analogous plot can 
be obtained from the case w'here the geometric center is employed instead, 
(a) the internal energy is computed using only a tw'o-body CG force field. 
The red line is an actual CG simulation. The blue line reports the value of 
the potential energy obtained when the same tw'o-body CG potential is ap­
plied to a previous all-atom trajectory in CG resolution, (b) Same as (a), but 
using a three-body CG potential, (c) The distribution of the data presented in 
(a), (d) The distribution of the data show'n in (b).
ity  d is tr ib u tio n  is  re p ro d u c e d  b y  th e  C G  c o n fig u ra tio n a l e n ­
se m b le , w h ic h  ju s t if ie s  th e  u sa g e  o f  th e  S W  p o te n tia l .  N o te  
th a t  in  th e  C G  w a te r  c a se  th e  in te ra c t io n  ty p e s  fo r  r t/- a n d  r ik 
are  id e n tic a l an d  th e  p ro b a b ili ty  d is tr ib u tio n s  a re  p lo tte d  a s  a 
fu n c tio n  o f  o n e  a n g le  a n d  o n e  d is ta n c e . T h e re  a re  tw o  red  
c o lo r  re g io n s  fo r  la rg e  p ro b a b ili tie s  in  e a c h  o f  th e  a ll-  
a to m /C G  p lo ts . T h e se  tw o  re g io n s  c o rre sp o n d  to  th e  tw o  
p e a k s  a ro u n d  50° a n d  100° in  th e  A D F  p lo ts  in  F ig . 4 .
C. Ensemble averages
E n se m b le  a v e ra g e s  h a v e  b e e n  c o m p u te d  a c c o rd in g  to  th e  
p ro c e d u re  d e sc rib e d  in  S e c . I I  D . T h e  b a s ic  c o n c e p t  is  th a t i f  
th e  C G  an d  th e  a ll-a to m  sy s te m s  in  C G  re so lu tio n  a re  e x p lo r­
in g  th e  sa m e  c o n f ig u ra tio n a l sp a c e , a  C G  th e rm o d y n a m ic  
fu n c tio n  c o m p u te d  u s in g  e ith e r  th e  C G  s im u la tio n  o r  the  
a to m is tic  o n e  sh o u ld  g iv e  v e ry  s im ila r  re la tiv e  v a lu e s . In  
p ra c tic e , th is  m e a n s  th a t ru n n in g  a  C G  s im u la tio n  o r  a n  a ll ­
a to m  o n e  w o u ld  b e  v e ry  s im ila r  in  th e  se n se  e x p la in e d  
a b o v e . T h e  q u a n ti t ie s  th a t a re  re p o rte d  h e re  a re  th e  p o te n tia l  
e n e rg y  U , th e  v ir ia l  p a r t  o f  th e  p re ssu re  P vir ial 
=  [ 1 / ( 3 V ) ] S . f l ^ >iF ij - r ii , l<1 a n d  th e  P p  d ia g ra m , w h e re  p  
= N / V .  A ll  th e  f ig u re s  re p o rte d  r e fe r  to  th e  C O M  case , a s  the  
C O G  c a se  g iv e s  a n a lo g o u s  re su lts .  F ro m  F ig s . 7 a n d  8, i t  is  
c le a r  th a t th e  p re ssu re  is  b e tte r  re p ro d u c e d  w h e n  u s in g  a 
th re e -b o d y  p o te n tia l ,  b u t  th e  e n e rg y  is  c a p tu re d  in  a  b e tte r  
w a y  b y  a s im p le r  tw o -b o d y  a p p ro x im a tio n . F ro m  a s im ila r  
a n a ly s is  o f  T IP 3 P  (R ef. 4 8 )  w a te r  a t th e  sa m e  c o n d itio n s  
(d a ta  n o t  sh o w n ), th e  tre n d  fo r  p re ssu re  is  c o n firm ed , b u t  the  
e n e rg y  is  re p ro d u c e d  w ith  th e  sa m e  p re c is io n  w h e th e r  u s in g  
o r  n o t  u s in g  a n  e x p lic it  th re e -b o d y  p o te n tia l .  T h u s , a n  e x ­
p lic i t  th re e -b o d y  C G  p o te n tia l  se e m s  to  im p ro v e  th e  p re ssu re  
sy s te m a tic a lly , b u t  n o  c le a r  c o n c lu s io n  c a n  b e  d ra w n  fo r  the  
C G  p o te n tia l  e n e rg y  o f  th e  sy s te m .
T h e  P p  d ia g ra m  (F ig s . 9  a n d  10) fo r  C G  w a te r  p re se n ts  
a d d itio n a l in te re s tin g  fe a tu re s . In  a ll c a se s  s tu d ied , th e re  is  an  
a lm o s t c o n s ta n t  sh if t  b e tw e e n  th e  fu lly  a ll-a to m  a n d  th e  C G
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RG. 8. Comparison of the virial component of the pressure between atom­
istic and CG simulations for SPC/F water. The case of COM is shown. The 
case with the center of geometric is analogous, (a) The virial is computed 
using only a two-body CG force field. The red line is an actual CG simula­
tion. The blue line reports the value of the virial obtained when the same 
two-body CG potential is applied to a previous all-atom trajectory in CG 
resolution, (b) Same as (a), but using a three-body CG potential, (c) The 
distribution of the data presented in (a), (d) The distribution of the data 
shown in (b).
m o d e ls . T h is  is  c o n firm ed  a ls o  b y  th e  s tu d y  o f  T IP 3 P  w a te r  
m o d e l (d a ta  n o t sh o w n ). It is  o b v io u s  f ro m  th is  a n a ly s is  th a t 
th e  iso th e rm a l c o m p re ss ib il ity  is  a lso  w e ll re p ro d u c e d . In  
fa c t, th is  q u a n tity  is  p ro p o r t io n a l  to  th e  d e r iv a tiv e  o f  th e  P p  
d ia g ra m , a s  it c a n  b e  w ritte n  as
Kj-
' v \ d P ) T~ p\dP>
' d ln(p)\
, B P  l j
(1 4 )
w h e re  V  d e n o te s  th e  v o lu m e , P  is  th e  p re ssu re , a n d  p  is  th e  
d en sity . A l l  o f  th e  s im u la tio n s  w e re  p e rfo rm e d  a t th e  sam e  
te m p e ra tu re  7 = 2 9 8  K . H o w e v e r , C G  fo rce  f ie ld s  o f  th e  ty p e  
e m p lo y e d  h e re  a re  te m p e ra tu re  d e p e n d e n t. In  o rd e r  to  a c ­
c o u n t  fo r  th is  te m p e ra tu re  d e p e n d e n c e , p re v io u s  th e o re tic a l 
a n d  c o m p u ta tio n a l  s tu d ie s  h a v e  b e e n  p e rfo rm e d  b y  K rish n a  
e t  a l .63 to  e x a m in e  a n d  e n a b le  th e  tra n s fe ra b ili ty  o f  su c h  C G  
fo rce  fie ld s  a c ro s s  d iffe re n t te m p e ra tu re s .
MG. 9. The virial part of the pressure computed for different densities. The 
comparison is performed employing the two-body CG potential. For a de­
tailed discussion on how the comparison is performed, see Sec. II D. The 
curves have the same shape as can be evidenced from shifting the CG 
simulation data upward (dashed line). The difference is only due to an al­
most constant shift. Only the center of mass case is shown as the geometric 
center produces a similar plot.
FIG. 10. Same plot as in Fig. 9 but for systems employing an explicit 
three-body potential. Now the agreement is closer, even though a constant 
shift can be still observed.
A n o th e r  im p o r ta n t  fe a tu re  o f  th e se  s tu d ie s  c o m e s  fro m  a 
c o n s ta n t p re s su re  a n a ly s is . A f te r  p e r fo rm in g  a  se r ie s  o f  a ll ­
a to m  c o n s ta n t N V T  s im u la tio n s  a t  th e  sa m e  p re ssu re , b u t  a t 
d if fe re n t te m p e ra tu re s , e a c h  o f  th e se  s im u la tio n s  w as C G . 
W h e n  th e  c o rre sp o n d in g  N V T  C G  s im u la tio n s  w e re  p e r­
fo rm ed , th e  a v e ra g e  p re s su re  w a s  n o t fo u n d  to  b e  th e  sam e. 
T h is  fin d in g  su g g e s ts  th a t th e  th e rm a l e x p a n s io n  c o e ff ic ie n t 
is  d if fe re n t b e tw e e n  th e  a to m is tic  a n d  C G  re p re s e n ta t io n  o f  
th e  sy s te m . H o w e v e r , c o n s id e r in g  th e  p o s s ib ility  o f  l im ite d  
s ta tis t ic s , n o  f in a l c o n c lu s io n  c a n  b e  d ra w n  a b o u t th is  b e h a v ­
io r, w h ic h  is  l ik e ly  o f  im p o r ta n c e  fo r  d e v e lo p in g  tra n s fe ra b le  
C G  fo rc e  fie ld s . I t  m u s t b e  p o in te d  o u t th a t d e sc rib in g  the  
c o rre c t p re s su re  is  a  m a jo r  c h a lle n g e  w h e n  b u ild in g  C G  p o ­
te n tia ls . T h e  in te re s te d  re a d e r  c a n  r e fe r  to  J o h n s o n  e t  a l .51
5?
a n d  L o u is '" a n d  re fe re n c e s  th e re in . A  d e ta ile d  s o lu tio n  o f  th is  
p ro b le m  is  fo u n d  in  th e  c o m p a n io n  p a p e r .50
D. Computational efficiency
A n  im p o r ta n t  fe a tu re  o f  th e  a p p ro a c h  p ro p o se d  h e re  is  
th a t s im u la tio n s  w ith  tw o - a n d  th re e -b o d y  C G  p o te n tia ls  in  
th e  M D  c o d e  l a m m p s  is  s ig n if ic a n tly  fa s te r  th a n  a ll-a to m  
w a te r  M D  s im u la tio n s  p e rfo rm e d  w ith  o n e  o f  th e  fa s te s t  
c o d e s  p re se n tly  a v a ila b le  for, a s  c a n  b e  se e n  in  T ab le  I. T h e  
fu lly  a to m is tic  tra je c to ry  fro m  LAMMPS w as c o m p u te d  u s in g  
th e  sa m e  p a ra m e te rs  a s  GROMACS, e x c e p t fo r  th e  u se  o f  
P a r tic le -P a r tic le  P a i tic le -M e sh  (P P P M ) (R ef. 6 4 ) in s tea d  o f  
P M E  (R ef. 5 6 ) fo r  th e  e le c tro s ta tic s , and  SHAKF65 in s te a d  o f  
SFTTLF57 fo r  th e  r ig id  m o le c u la r  c o n s tra in ts . T h e se  c h o ic e s  
w ere  d e te rm in e d  b y  th e  fa c t th a t th e  c u rre n t v e rs io n  o f  l a m ­
m p s  d o e s  n o t su p p o r t th e  sam e  a lg o r i th m s  a s  th o se  in  GRO- 
MACS. A ll  th e  s im u la tio n s  w e re  p e rfo rm e d  o n  a n  In te l 
C o re ™  i7  c e n tra l  p ro c e s s in g  u n it  a t  2 .9 3  M H z  w ith  6  G B  o f  
ra n d o m  a c c e s s  m em o ry .
E v e n  th o u g h  GROMACS is  a lm o s t five  t im e s  fa s te r  th an  
LAMMPS fo r  fu lly  a to m is tic  M D  s im u la tio n s , a  C G  s im u la ­
t io n  w ith  l a m m p s  e m p lo y in g  a  th re e -b o d y  C G  p o te n tia l  is  
s t i ll  3 5 %  fa s te r  th a n  a  fu lly  a to m is tic  s im u la t io n  w ith  GRO­
MACS. I t  sh o u ld  a ls o  b e  p o in te d  o u t th a t in  T ab le  I th e  tim e  
s te p  u se d  in  a ll  th e  M D  s im u la tio n s  is  2  fs. A  la rg e r  tim e  s tep
fo r  c o n v e n tio n a l  fo rce  fie ld  s im u la tio n s  u su a lly  c a u se s  p o o r  66e n e rg y  c o n se rv a tio n , w h e re a s  th e  C G  s im u la tio n s  w ere  
se e n  to  b e  u p  to  a  s ta b le  tim e  s te p  o f  8 fs. T o e v a lu a te  the
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TABLE I. Computational efficiency. ts is the CPU time required to finish the simulation. In the last two 
columns, this value is normalized w'ith respect to GROMACS' or LAMMPS' ts. For the three-body case the 
cutoff employed is given in parentheses.
Kind of simulation and code used
ts
(min) ts/ t s (GROMACS) ts/ t s (LAMMPS)
Fully atomistic, GROMACS 209 1 0.22
Fully atomistic, LAMMPS 953 4.56 1
CG, no three-body, LAMMPS 15 0.07 0.016
CG, with three-body (3.7 A), LAMMPS 113 0.54 0.12
CG, w'ith three -body (3.9 A), LAMMPS 137 0.65 0.14
m a x im u m  tim e  s te p  a llo w e d  b y  th e  C G  s im u la tio n s , m u ltip le  
s im u la tio n s  w e re  p e rfo rm e d  w ith  th e  sa m e  in itia l c o n f ig u ra ­
tio n . E ac h  o f  th em  w a s  106 s te p s  lo n g  a n d  th e  d iffe re n t tim e  
ste p s  u s e d  w e re  4 , 6 , 8, a n d  10 fs. T h e  c r ite r ia  fo r  th is  e v a lu ­
a tio n  w e re  th e  c o rre c t re p ro d u c tio n  o f  R D F  a n d  A D F, a n d  th e  
o v e ra ll e n e rg y  c o n se rv a tio n . U su a lly  th e  s tru c tu ra l p ro p e rtie s  
w e re  c o rre c tly  re p ro d u c e d , b u t  fo r  th e  lo n g e r  t im e  s te p s  th e  
e n e rg y  c o n se rv a tio n  b e c a m e  u n s ta b le  w ith  u n p h y s ic a l sp ik e s  
a p p e a lin g  on  th e  e n e rg y  p lo ts  fo r  th e  s im u la tio n s . In  so m e  
c a se s , th e  e ffe c t o f  su ch  f lu c tu a tio n s  c a u s e d  th e  s im u la tio n  to 
c ra sh . N o  p a r tic u la r  d if fe re n c e  in  s ta b ili ty  w a s  n o te d  w h en  
a d d in g  an  e x p lic it  th re e -b o d y  te rm , le a d in g  to  th e  c o n c lu s io n  
th a t th e  in s ta b ility  is  p ro b a b ly  d u e  to  th e  tw o -b o d y  p a r t  a n d  a  
t im e  s te p  th a t w a s  to o  la rg e .
S u c h  s ta b ili ty  o f  th e  C G  s im u la tio n  w ith  a  lo n g e r  tim e  
s te p  can  b e  e a s ily  u n d e rs to o d . A to m is tic  s im u la tio n s  a re  
c h a ra c te r iz e d  b y  sh o rt r a n g e  h ig h  f re q u e n c y  m o tio n s  (w h ich  
p ro v id e s  a  m o tiv a tio n  fo r  m u lt ip le  t im e  s te p  a lg o r i th m s66), 
w h e re a s  in C G  m o d e ls  th e  e n e rg y  su rfa c e s  a re  s m o o th e r  in 
c o m p a r iso n  a n d  th e  C G  s ite s  h a v e  a  h ig h e r  m a s s , a llo w in g  
fo r  g re a te r  s ta b ili ty  w ith  lo n g e r  M D  tim e  step s. I t  can  th e re ­
fo re  b e  sa fe ly  c o n c lu d e d  th a t th e  C G  s im u la tio n  in L A M ­
M P S  w ith  th e  tw o - a n d  th re e -b o d y  C G  te rm s  is  e f fe c tiv e ly  a  
fa c to r  o f  s ix  t im e s  fa s te r  th an  th e  h ig h ly  o p tim iz e d  a ll-a to m  
M D  c o d e  GROMACS fo r  r ig id  S P C /E  w ater.
IV. CONCLUSIONS
T h is  p a p e r  d e m o n s tra te s  th a t a c c o u n tin g  e x p lic it ly  fo r  
th re e -b o d y  c o n tr ib u tio n s  to  th e  C G  p o ten tia l c an  d ra m a ti­
c a lly  im p ro v e  th e  re p ro d u c tio n  o f  s tru c tu ra l p ro p e rt ie s  o f  th e  
o rig in a l a to m is tic  sy s te m . H o w e v e r , p a ra m e te r iz in g  m u lt i ­
b o d y  C G  in te ra c tio n s  is a  d iff ic u lt  c h a lle n g e . T h is  p a p e r  
th e re fo re  p re se n ts  a  p ra c tic a l a n d  sy s te m a tic  m e th o d  fo r  d o ­
ing  th is  w ith in  th e  M S -C G  fra m e w o rk  u s in g  so m e  a d d itio n a l 
re a so n a b le  a p p ro x im a tio n s . A s w a s  sh o w n  in S ec . I l l ,  th e  
c o rre sp o n d in g  (a lg o r ith m ic a lly  u n o p tim iz e d )  C G  s im u la tio n  
is still s ig n if ic a n tly  m o re  c o m p u ta tio n a lly  e ff ic ie n t th an  th e  
c u rre n tly  m o s t e ff ic ie n t fu lly  a ll-a to m  M D  s im u la tio n .
In  th is  w o rk , th e  im p o r ta n c e  o f  h a v in g  an  e x p lic it  th ree - 
b o d y  C G  p o te n tia l  h a s  a lso  b e en  c le a r ly  a f f irm e d  fo r  a  
s im p le  m o le c u le , su c h  a s  w a te r .31 H o w e v e r , th e  a p p lic a b ili ty  
o f  th e  p re se n t m e th o d  is  b ro a d . I t  c an  b e  u s e d  to  c o n s tru c t 
th re e -b o d y  C G  fo rc e  f ie ld s  fo r  o th e r  c o m p le x  sy s te m s  such  
a s  p ro te in s  a n d  n a n o p a r tic le s . F o r  su ch  C G  fo rc e  f ie ld s  th e ir  
m a jo r  im p o r ta n c e  w ill lik e ly  b e  in  p re d ic tin g  s tru c tu ra l 
p ro p e r t ie s .3''’'36'38 T h re e -b o d y  p o te n tia ls  a re  fu r th e rm o re  a
c r it ic a lly  im p o rta n t c o m p o n e n t o f  a to m is tic  fo rc e  fie ld s  fo r  
c o v a le n tly  b o n d e d  sy s tem  a n d  n o b le  g a se s .26”34
T h e re  a re  tw o  a sp e c ts  o f  th e  p re se n t w o rk  w h ic h  w ill 
re q u ire  fu r th e r  in v e s tig a tio n . T h e  firs t o n e  is  th e  p ro b le m  o f  
rep resen tab ility .'"’1 F o r  e x a m p le , in th e  M S -C G  m e th o d  it is  in 
p r in c ip le  p o ss ib le  to  o b ta in  th e  b e s t  fit to  th e  to ta l C G  fo rc e s  
o f  th e  sy s te m  ( in c lu d in g  n o w  th re e -b o d y  in te ra c tio n s ) , 
w h e re a s  R M C  re lie s  o n  th e  c o rre c t  re p ro d u c tio n  o f  R D F s  
a n d  h e n c e  p ro v id e s  a  tw o -b o d y  C G  p o te n tia l  th a t in m o s t 
c a s e s  d o e s  n o t c a p tu re  h ig h e r  o rd e r  c o r re la t io n s .16-17 U n le ss  
th e  sy s te m  o f  in te re s t c an  b e  w ell a p p ro x im a te d  b y  a  tw o - 
b o d y  C G  p o te n tia l ,  th e  tw o  m e th o d s  w ill g iv e  d iffe re n t a n ­
sw ers . A d ire c t c o m p a r iso n  o f  th e  M S -C G  a p p ro a c h  th a t in ­
c lu d e s  th re e -b o d y  C G  p o te n tia ls  w ith  o th e r  m e th o d s  su ch  a s  
R M C  th a t fo c u s  on  th e  o p tim a l tw o -b o d y  C G  p o te n tia l  to  
re p ro d u c e  tw o -b o d y  c o rre la t io n s  w ill b e  a  to p ic  o f  fu tu re  
re se a rc h .
A n o th e r  a sp e c t w o rth  fu r th e r  in v e s tig a tio n  is  th e  ro le  o f  
e le c tro s ta tic  in te ra c tio n s . A s p o in te d  o u t in th e  w o rk  o f  M o - 
l in e ro  a n d  M o o re ,31 e m p lo y in g  th re e -b o d y  in te ra c tio n s  h e lp s  
to  re p ro d u c e  s tru c tu ra l p ro p e r tie s , b u t  fo r  m a n y  p ro b le m s  th e  
lo n g  ra n g e  e le c tro s ta tic  in te ra c tio n s  can  p la y  an  im p o rta n t 
ro le . In  w a te r , an  e x p lic it  re p re se n ta tio n  o f  its  lo n g  ra n g e d  
d ip o la r  n a tu re  m ig h t b e  v e ry  im p o rta n t, e .g ., a t  in te r fa c e s  o r  
in  o th e r  h e te ro g e n e o u s  sy s te m s , so  th is  fe a tu re  o f  th e  c o a rse -  
g ra in in g  p ro b le m  w ill a lso  b e  a  to p ic  o f  fu tu re  re se a rc h .
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